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) Articles
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) multitrait genetic animal model

> Every phenotypic observation on an animal is determined by environmental and
genetic factors and may be defined by the following model:

Phenotypic observation

= envir. effects + genetic effects + resid. effects
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) multitrait genetic animal model

> When 2 phenotypes are simultaneously observed, multivariate mixed models are
widely used in animal genetics to deal with genetic and environmental effects:

y1= X161+ Za1 +¢e1
y2 = Xofo + Zap + &2’
where
» y; are the phenotype vectors of size n

» 3, the related unknown parameter vector; X; the design matrices for the fixed
effect

> a; the random vector of breeding values (BV) to predict; Z the design matrix for
the random effect (genetic part);
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) multitrait genetic animal model

Particularly, the BVs are
ajj = 0.5(a,-5,j + a,-w-) + M;;,
where aj; ; and aj, ; are the BVs of the sire and dam and M; ; are the Mendelian

sampling terms.

» The distribution of the breeding vector (a1, a2) is assumed to be Gaussian

<31> ~N(0,G ® A),

a2

with G a 2 x 2 unknown genetic covariance matrix to be estimate, and A the genetic
relationship matrix, of size N x N, N > n related to the pedigree;
the distribution of the Mendelian sampling term are (M; 1, M; ) ~ N(0, G/2).
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) multitrait genetic animal model

» Finally, the residual (€1, e2) follow a standard bivariate Gaussian distribution with
covariance matrix E ® I, with E the 2 x 2 residual covariance matrix to be
estimate.

The REML to estimate G and E consists to maximized the restricted log-likelihood

)\R(O—gp 0-327 03127 Ugla 0(292, Uelz)
1 1 1
— _Zlog[|V|] - =1 HXTV*le _2,7p
zog[I I 5 log 5y Py

where V' covariance matrix of y = (y1,y2) and

_\y-1_ -1 Tyv-1y\"1yT\/-1 . _ (X O
P=V v X(X % X) X'V wuthX_(O X2>'
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) multitrait genetic animal model

» Finally, the residual (€1, e2) follow a standard bivariate Gaussian distribution with
covariance matrix E ® I, with E the 2 x 2 residual covariance matrix to be
estimate.

The REML to estimate G and E consists to maximized the restricted log-likelihood

)\R(O—gp 0-327 03127 Ugla 0—227 0612)
1 1 1
— _Zlog[|V|] - =1 HXTV*le _2,7p
zog[I I 5 log 5y Py

where V' covariance matrix of y = (y1,y2) and
_y-l_ -1 Ty—1y\"L yTy/~1 s _ (X 0
P=V Vv X(XV X) X'V W|thX—(0 X2>'
> What about if the distribution of the random vectors (¢1,£2) is not Gaussian?
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) multitrait genetic animal model

Then a BLUE estimator for the fixed effect 8 = (31, 32) and a BLUP prediction for the
BVs a = (aj, a2) are obtained by solving the Henderson's equations:

X'X X'7! ¢ | Xy
ZX 77+GleAl | |a | | Zy |
Selection of the animals for breeding is done in such a way to maximizing a linear

combination of the EBVs for the two traits.

> In this topic, we studied the robustness of the REML estimations which assumes the
normality for the multivariate traits, face to a non-Gaussian dependence structure
(copula) for the residuals.
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) Copulas

Theorem of [Sklar(1959)]

Let X = (Xi,...,Xy) be a d-dimensional random vector with c.d.f. F and let
F1,..., Fy be the marginal c.d.f. of X assuming continuous. Then it exists a unique

function C : [0,1]¢ — [0, 1] such that:
F(X) = C{Fl(X]_), Ceey Fd(Xd)}, X = (X17 ... ,Xd) S Rd.

» The copula C characterizes the dependence structure of vector X.
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) Copulas

Theorem of [Sklar(1959)]
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F1,..., Fy be the marginal c.d.f. of X assuming continuous. Then it exists a unique
function C : [0,1]¢ — [0, 1] such that:

F(X) = C{Fl(X]_), Ceey Fd(Xd)}, X = (X17 R ,Xd) € Rd.

» The copula C characterizes the dependence structure of vector X.
» The copula C can be expressed as follows:
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) Copulas

Theorem of [Sklar(1959)]

Let X = (Xi,...,Xy) be a d-dimensional random vector with c.d.f. F and let

F1,..., Fy be the marginal c.d.f. of X assuming continuous. Then it exists a unique
function C : [0,1]¢ — [0, 1] such that:

F(X) = C{Fl(X]_), Ceey Fd(Xd)}, X = (X17 R ,Xd) € Rd.

» The copula C characterizes the dependence structure of vector X.
» The copula C can be expressed as follows:

C(u) = F{F; Y (w1),. .., F; N (ua)}, u=(u,... ug) €01
@ A. Sklar.

Fonctions de répartition a n dimensions et leurs marges.
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) Some mathematics, copulas

https://testmyshinyapply.shinyapps.io/Shiny_copula
Normal copula:

CpN(uv V) - (Dp(q)il(u)v cbil(v))v (U7 V) € [07 1]27

where ® and @, stand for the c.d.f. of the standard univariate Gaussian distribution
and the bivariate Gaussian distribution with correlation p.

Frank, Clayton, Joe copulas:

Foo L (L (ep(—u0)  D(ep(—v0) ~ 1) )
Ce(u,v)76|g<l+ op(—0—1) ), 6 €R”,
C(’.Cl(u7 v) = max ((u79 +v O 1)71/9 ,0) , 6 ¢€[-1,0)U (0, +00),

Guv=1-[a-v’+0-v-a-w'a-v]"" e>1
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) dependence’s measure and copula

Kendall's 7 (measure of concordance) and Spearman’s ps (rank based correlation
measure) are often employed to measure a non-linear relation between to variables The
Kendall's (but also Spearman’s) correlation is related with copula by

724/ Co(u, v)dCy(u,v) — 1,
0,12

ps = 12/ Co(u, v)dudv — 3,
[0,1]2
and for Gaussian distribution, we have the relation with the Pearson’s correlation pp

T
pp = SIH(ET).
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) Contour plots of bivariate distributions with Gaussian margins
and several copula
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) Example, Large-White dataset

ADG a1 100 daye

L e
2 2 4 8 1 2z 2

CFl st 10 days

Figure: Plot of gaussian quantiles of the ranks for 2 phenotypes and contour plot of a bivariate
Gaussian distribution

» the hypothesis of bivariate normality for the bivariates phenotypes seems to be
unrealistic.

P an asymmetric bivariate distribution for the phenotypes.
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) Example, Large-White dataset

ADG a1 100 days

GFlat 10 days

» Mardia's normality test based on the asymmetry (skewness) of the distribution:
p-value was 1070 leading to a rejection because of the asymmetry of the
distribution
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) Example, Large-White dataset

CFIst 10 days

» The bivariate normality is questionable

» What about the REML estimations of the bivariate animal model, which assume
the bivariate normality?
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) Example, Large-White dataset

> Even if the marginals are Gaussian, the bivariate distribution may be non-Gaussian.
» In fact, the copula of the random vectors is not the Gaussian Copula

ADG at 100 days

ADG at 100 days

CFl at 10 days

CFlat 10 days

Figure: (right) contour plot of a Joe-Frank copula
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) Plan

Simulation
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) Simulation of populations undergoing selection

Gy Gy
Go g ? g Q
5 2 12 off/litt. 408 2080 15 off/liee. 408 2040
T x 208 — Random A Random
1 selection 1 1 selection 1
12 X 204 12 X 204
https://testmyshinyapply.shinyapps.io/Shiny_bivariate_phen/
G3 Gg
g ? g ?
12 off/lite. 408 2080 95 ot 12 off/lite. 408 2040
A truncation A A truncation
4 selection 1 4 selection 1
12 X 204 12 X 204

» unrelated animals in Gg

» each female produced 12 offspring: 2 males and 10 females

INRAZ

Copula miss-specification on REML estimation

7 nov 2022 / Tom Rohmer, Anne Ricard & Ingrid David, Inrae Toulouse, France

.19


https://testmyshinyapply.shinyapps.io/Shiny_bivariate_phen/

) Population

Gy Gy
Go 3 Q 3 Q
—_— : 408 2040 . 408 2040
H 12 Oji/,htt' Random 12 O,fi/,htt' Random
1 selection 1 1 selection 1
12 X 204 12 X 204
G3 Gg
g ? g ?
12 off/lit. 08 2040 g5 off . 12 off/lite. 408 2040
4 truncation _4 A truncation
1 selection 1 1 selection 1
12 X 204 12 X 204

Selection:

» G; — G3 the reproducers were chosen at random

» Gy — Gg selection from a combination of their EBV
» Full/half siblings were not mated

P selection rate: 2.9% for the males and 10% for the females
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) Phenotypes simulation

Simulated distribution:
> (31, 82) ~ N(O, G® A).
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) Phenotypes simulation

Simulated distribution:
> (ap, a) ~ N(O, G®A).

» (ei1,€i2), i=1,...,n, have standard Gaussian margins and copula C.

Copula C were Gaussian, Frank, Clayton and Joe with Kendall's correlation to 0.4 or
0.7 The phenotypes vector y; = (y1,j,.--,¥nj). j = 1,2 were obtained following the
bivariate animal model:
{ yi=Xif1+a+er
Y2 =Xof32 + a2 + 2.

X; the design matrices for the fixed effects and 3; associated parameter.
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) Plan

Results
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Y 1000 runs, Estim. correlations, hi = h3 = 0.40,7. = 0.7

normal Frank Clayton Joe

123

3240

-1
-
-t
I
._ﬂ}_.
-1
-
-
-
-

61 G G5 G O 8 @ 4 G5 G 7 o 2 G s G o7 G B G4 G o8 OT
N F a 4
0.5- <, .
I Lk |
533" %#% - H=--t---f-- Pyt D e TR S R True gen. cor.
Foon : ' 1
;‘“,i T : : !
INRAZ

Copula miss-specification on REML estimation
7 nov 2022 / Tom Rohmer, Anne Ricard & Ingrid David, Inrae Toulouse, France

.23



True parameters

genetic correlations

Estimated parameters

residual correlations

3 h3 s Te N F cl J | N F cl J
0153 0153 04 04  bias | -0.001  0.015 0.052 -0.060 -0.000  -0.002 -0.006 0.007
SE 0.043  0.042 0.038 0.049 0.006  0.007 0.007 0.007
0.153 0401 04 04 bias | 0001  0.013 0.039 -0.033 -0.000  -0.004 -0.013 0.015
SE 0.032  0.032 0.029 0.035 0.008  0.008 0.008 0.008
0.401 0401 04 04  bias | -0.000 0.021 0.068*  -0.101* | -0.000  -0.009 -0.020%  0.038*
SE 0.025  0.024 0.022 0.031 0.010  0.011 0.011 0.012
0153 0153 0.4 07 bias | -0.003 0.034 0.080*  -0.108* | -0.000  -0.004 -0.010%  0.013*
SE 0.035  0.034 0.031 0.044 0.003  0.003 0.003 0.005
0.153 0401 04 07  bias | -0.001  0.003 0.030 0.039 -0.000  -0.009*  -0.023*  0.011*
SE 0.027  0.028 0.026 0.026 0.004  0.005 0.005 0.005
0.401 0401 04 07 bias | -0.001  0.049%*  0.106* -0.128* | -0.001  -0.018*  -0.040%  0.052*
SE 0.021  0.020 0.018 0.027 0.005  0.006 0.006 0.008
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1000 runs, Estim. heritability h% = 0.15, h% = 0.40
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True parameters Estimated heritabilities

Trait 1 Trait 2
3 h3 Ta Te N F cl J | N F cl J

0.153 0.153 0.4 0.4 bias 0.003 0.004 0.008 -0.002 0.002 0.005 0.009 -0.002
SE 0.012 0.013 0.012 0.013 0.012 0.013 0.013 0.012

0.153 0.401 0.4 0.4 ‘ bias 0.001 0.005 0.013 -0.010 ‘ 0.004 -0.001 -0.009 0.029

SE 0.013 0.014 0.014 0.012 0.016 0.017 0.015 0.017
0.401 0.401 0.4 0.4 bias 0.003 0.011 0.020 -0.003 0.003 0.012 0.021 -0.003
SE 0.016 0.017 0.016 0.018 0.017 0.017 0.017 0.018
0.153 0.153 0.4 0.7 bias 0.002 0.002 0.002 0.010 0.002 0.003 0.003 0.009
SE 0.012 0.012 0.011 0.015 0.012 0.012 0.012 0.014

0.153 0.401 0.4 0.7

bias 0.001 0.004 0.012 -0.006 ‘ 0.004 -0.024 -0.051* 0.059*

SE 0.014 0.015 0.015 0.012 0.014 0.015 0.014 0.015
0.401 0.401 0.4 0.7 bias 0.004 0.006 0.008 0.020 0.003 0.005 0.009 0.020
SE 0.016 0.016 0.016 0.017 0.016 0.016 0.016 0.018
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Rotated 270° copula

True parameters

Estimated heritability

Trait 1 Trait 2
h? h3 s Te N F ] J | N F Cl J
0.153 0153 04 -0.4 | bias 0.002 -0.004 -0.012 0.007 0.002  -0.004  0.007 -0.013
SE 0.010  0.010 0.009 0.012 0.010 0010  0.011 0.009
0.153 0401 04 -0.4 | bias 0002 -0.003 -0.010 0.005 0.004 -0.010  0.028 -0.034*
SE 0.011  0.011 0.009 0.012 0.013  0.014 0015 0.013
0.401 0401 04 -0.4 | bias 0004 -0.007 -0.028*  0.027 0.004  -0.007  0.026 -0.030*
SE 0.014  0.015 0.014 0.016 0.013 0014  0.015 0.013
0.153 0153 04  -0.7 | bias  0.002 -0.009  -0.024*  0.010 0.002  -0.009  0.011 -0.025*
SE 0.009  0.009 0.008 0.012 0.008  0.009  0.011 0.008
0.153 0401 04 -0.7 | bias 0002 -0.004 -0.017*  0.016 0.005 -0.013  0.032*  -0.047*
SE 0.010  0.010 0.009 0.013 0.010  0.012 0.014 0.011
0.401 0401 04 -0.7 | bias 0005 -0.006 -0.038*  0.038* | 0.004 -0.006 0.037*  -0.039*
SE 0.013  0.013 0.012 0.015 0.012 0013 0014 0.011
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) Result

1. With Random selection: no impact of the copula
2. With truncation selection;
» For balanced heritabilities:

> Significant impact on correlations;
very low biases for heritability

» For unbalanced heritabilities:

> Significant impact on the estim. heritabilities for the trait with moderate heritability
> Significant impact on residual correlations;

moderate biases (but non-significant) on genetic correlations;

no impact on the estim. heritabilities for the trait with low heritability
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) Perspective

» parametric model Y = X3 + ZU + ¢, where ¢; = (¢/1,£j2) have c.d.f.
Fe(x,y) = Co(P1(x), P2(y)).

> For j =1,2, ®; are the c.d.f. of the centred normal distribution with variance o2

» Cy is a parametric copula function (known) with parameter 6 (to estimate)
> joint estimation of G, 02,02, and 0
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