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Formation et parcours
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Formation et parcours

@ Rohmer, T.
Some results on change-point detection in cross-sectional dependence of
multivariate data with changes in marginal distributions,
Statistics & Probability Letters, Volume 119, December 2016

@ Kojadinovic, |., Rohmer, T. & Quessy, J-F.
Testing the constancy of Spearman’s rho in multivariate time series.
Annals of the Institute of Statistical Mathematics, November 2015

@ Biicher, A., Kojadinovic, I., Rohmer, T. & Segers, J.
Detecting changes in cross-sectional dependence in multivariate time
series.
Journal of Multivariate Analysis, Volume 132, November 2014

R Rohmer, T.,
Non Parametric Test for Detecting Changes in the Copula
npCopTest, CRAN, 2016-2018 (code R/C)
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Formation et parcours

Parcours professionnel Il

2016- nov 2018
Post-doctorat, Le Mans Université, PANORisk J

@ Rohmer, T., Brouste, A., & Dutang, C.,
Closed form Maximum Likelihood Estimation for Generalized Linear
Models in the case of categorical explanatory variables : application to
insurance loss modelling
2019, Computational Statistic

@ A. Brouste, C. Dutang, V. Dessert & Rohmer, T.,
E. Gales, P. Golhen, W. Lekeufack & B. Milleville
Solvency tuned premium for a composite loss distribution
soumission 2018, disponible sur HAL

R Rohmer, T., Dutang, C., Brouste, A.
Maximum likelihood estimation for generalized linear model in the case of
categorical explanatory variables.
Soumission prochaine sur CRAN + article in JSS
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Formation et parcours

Parcours professionnel Il

2018- 2019

Post-doctorat, Inria, Ecole Polytechnique Paris-Saclay

@ Rohmer, T., Le, L., Dowek, A., Caudron, E., Lavielle, M.

Non-linear regression models for Raman spectrum analysis in therapeutic

monitoring of anticancer molecules by spectroscopy.
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Formation et parcours

Summary

Introduction

Measure of the multivariate dependence
m The Sklar's theorem
m The role of copulas to test for breaks detection

A Cramér-von Mises test statistic
m Empirical copula
m Test statistic
m The sequential empirical copula process

A Computation of approximate p-values
m A resampling scheme for the sequential empirical copula process

Monte Carlo Simulations
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Introduction

Summary

Introduction
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Introduction

Test for break detection

Let Xi,..., X, be d-dimensional random vectors, where for i =1,...,n,
Xi = (Xi1, ..., Xid). We aim at testing the null hypothesis

Ho : IF such that Xi,..., X, have c.d.f. F. J
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Introduction

Test for break detection

Let Xi,..., X, be d-dimensional random vectors, where for i =1,...,n,
Xi = (Xi1, ..., Xid). We aim at testing the null hypothesis

Ho : IF such that Xi,..., X, have c.d.f. F. J

Example of alternative hypotheses:
m An abrupt change at the instant k* € [1,n — 1]:

IFM F® such that X, ..., Xer ~ FY Xiegn, .., Xo ~ F®
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Introduction

Test for break detection

Let Xi,..., X, be d-dimensional random vectors, where for i =1,...,n,
Xi = (Xi1, ..., Xid). We aim at testing the null hypothesis

Ho : IF such that Xi,..., X, have c.d.f. F. J

Example of alternative hypotheses:

m A gradual change: 31 < ki <k, <n-1
Xi,.ooy Xpg ~ FO
Xigy ooy Xn ~ F2)
Fori= ki +1,..., ks the law of X; will gradually go from F(1) to F(2).
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Introduction

Cumulative Sum test for Hy, serially independent data |

Example 1: Test for change in the mean, d=1

k(n— k)
"o -
Tn = k:lrj'.]?,):(v—l T g3z {k ZX k Z Xi }’
i=k+1
L Ll )
= sup |—= ) (Xi—X»)
s€[0,1] \/E;
m Under Hog, as soon as Xi,..., X, are i.i.d.,

T ~ o sup |U(s)],

s€f0,1]

where o2 is the unknown variance of X; and U is a standard Brownian
bridge, i.e. a centered Gaussian process with covariance function :

cov{U(s),U(t)} = min(s, t) — st, s, t € [0,1].

Tom Rohmer (CR, Inra, GenPhySE) —Animation scientifique GenPhySE— 10 / 49



Introduction

Cumulative Sum test for Hy, serially independent data Il

Example 2: test a la [Cs6rg6 et Horvath(1997)]

k(n — k)

# —

B a = s =P () i 7 ()|
Lns]

= sup sup \%;{1(X1‘SX)_F1:"(X)} )

s€[0,1] xeRd

where for 1 < k < n, Fy.x (resp. Fit1:n) is the empirical c.d.f. of the subsample
Xu,. .o, Xk (resp. Xig1, ..., Xn) =

k
Fl:k( EZ X <X) Fk+1n(X k Z X <x)

i=k+1

and

n

Fl:n(x) = %ZI(X, < X).

i=1
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Introduction

Nasdaq, Dow Jones and the "black Monday" (1987-10-19)

o
2
2
o

o o

© ~

o

8

Z B 4
©
o
g |
©
o
o
«w
o~

w

2 _

C

[=] o

5 g |
o™~

2 N

fa] _
o
[ =
@
- T T T

1987 1988 1989
years

>: changes in the dependency between the two components?

Tom Rohmer (CR, Inra, GenPhySE) —Animation scientifique GenPhySE— 12 / 49



Measure of the multivariate dependence

Summary

Measure of the multivariate dependence
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Measure of the multivariate dependence
T

he Sklar’s theorem

The Sklar's theorem

Theorem of [Sklar(1959)]

Let X = (X1,...,Xq) be a d-dimensional random vector with c.d.f. F and let
Fi,...Fq be the marginal c.d.f. of X assuming continuous. Then it exists a
unique function C : [0,1]¢ — [0, 1] such that:

F(x) = C{Fi(x1), ..., Fa(xa)}, x=(x1,...,xs) € R

m The copula C characterizes the dependence structure of vector X.
m The copula C can be expressed as follows:

C(u) = F{F{*(u),...,F;  (ud)}, u=(u,...,uq)€0,1]%.

8 A. Sklar.
Fonctions de répartition a n dimensions et leurs marges.
Publications de I'Institut de Statistique de I'Université de Paris, 8:
220-231, 1950.
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Measure of the multivariate dependence
T

he Sklar’s theorem

Classical copulas

m Independence copula:
d
C"(u) = H uj;
j=1
= Normal copulas

C(u) = Oys{® H(w1),..., o “(ua)};

m Gumbel-Hougaard copulas:

d 1/0
CQGH(U) =exp | — [Z{— Iog(uj)}g] , 0>1,;

m Clayton copulas:

-1/6
cﬁ’(u)_<zuj.9—d+1> . 0>0.

J=1

—My Copulas here

Tom Rohmer (CR, Inra, GenPhySE) —Animation scientifique GenPhySE— 15 / 49


https://testmyshinyapply.shinyapps.io/Shiny_copula/

Measure of the multivariate dependence
The role of copulas to test for breaks detection

The role of copulas to test for breaks detection

Ho : I F such that Xi,..., X, have c.d.f. F. J

Sklar's theorem allows to rewrite Ho as Ho,m N Ho,c where

’Ho,m ﬂ/Ho,C:

Ho,c : 3C, such that X, ..., X, have copula C
Ho,m: 3TFi,...,Fqsuch that Xi,..., X, have m.cd.f. Fi,... Fq.

m Construction of a test for 7o more powerful than its predecessors against
alternatives involving a change in the copula, based on the CUSUM

approach.
m F, Fi,...,Fy and C are unknown.
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A Cramér-von Mises test statistic

Summary

A Cramér-von Mises test statistic
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Empirical copula
Empirical copula |

m Let Xi,...,X, be d-dimensional random vectors with continuous m.c.d.f.
Fi,...,F4 and copula C.

m For i=1,...,n, the random vectors U; = (F1(Xj1),..., Fa(Xia)) ~ C.

m When Fi,..., Fy are supposed known, a natural estimator of C is given by
the empirical c.d.f. of Uq,..., U,.

m Here Fi,..., Fy are unknown, an estimator of C is given by the empirical
c.d.f. of pseudo-observations of copula C:

For j=1,...,d let Fi.n; be the empirical c.d.f. of sample Xyj, ..., X,;. For
i=1,...,n, consider the vectors

1 1:n

0,'1:,1 = (Flzn,l(Xil)y RN} F1:n,d(X/d)) = ;(Ril. PRI Rl;b:n)a

where for j =1,...,d, R}" is the maximal rank of Xj among Xij, ..., Xy.
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mpirical copula

Empirical copula Il

[Riischendorf(1976)], [Deheuvels(1979)]

n

Cin(u) = %21(0,-1:" <w), wel0,1]"
i=1

Let Ci:c (resp. Cit1:n) the empirical copula evaluated on Xy, ..., Xk (resp.

Xk+1, ey X,-,):
1< 1 <
1:k _ pk+1:n d
Crx(u ;21(u < u), Crr1n(u )_nfk,z 10" <u) welo,1]".
i=1 i=k+1
S R R
— | | — Cuu.
X (R, R
k
(R S RIEED
i | | — Cisrne
X = (X ) (RIS RESD
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A Cramér-von Mises test statistic

Test statistic

Break detection in copula

We consider the process

Dn(s, u) = \/E%("_intnsn{cw(u)fqnsmm(u)}, (s,u) € [0,1]"2,

A Cramér-von Mises statistic:

So= [ DA(k/m w)dCur(u) = + 3" D(k/n, OF"),
[0, 14 i=1

and

= max  Spk.
ke{1,...,n—1}

m Under Ho, for all k € {1,...,n—1}, Cik and Cyi1.n estimate the same
copula C, thus S, tends to be relatively weak.

m For an abrupt change in copula, the unknown break time can be estimate
by the integer k which maximizes S, .
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T

he sequential empirical copula process

The sequential empirical copula process
Let for s < t € [0,1], An(s,t) = (| nt] — |ns])/n.

Sequential empirical copula process

Chn(s, t,u) = v/nn(s, E){ Cns)+1:1nt) () — C(u)}

Lnt]
_ i Z {l(aiLnsJ+1:LntJ < U) . C(u)} )
2 i=|ns]+1
1 !
Crei(u) = T—kr1 Zl(uik:l <u) wel0,1]9, 1<k<I<n.

i=k

X1 = (X1, , X14)

X (RIY, JREY)

— | | — G
Xi (R, R
X, = (X1, s Xnd)

Tom Rohmer (CR, Inra, GenPhySE) —Animation scientifique GenPhySE— 21 / 49



T

he sequential empirical copula process

Asymptotic behaviour of the sequential empirical copula process

Condition: [Segers(2012)]

For any j € {1,...,d}, the partial derivatives C; = AC/du; exist and are
continuous on V; = {u € [0,1]?, y; € (0,1)}.

Theorem

Let Xi,..., X, be drawn from a strictly stationary sequence (X;)icz with
continuous margins and whose the strong mixing coefficient satisfies
ar = O(r~7), a > 1. Under the previous condition,

sup [Cu(s, t,u) — Co(s, t,u)| =0,
ucfo,1]¢

where for u € [0,1]¢, and u¥} = (1,...,1,1;,1,...,1),

d
Cn(s, t,u) = Ba(s, t,u) — Z Ci(u)Ba(s, t, u?).

j=t
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T

he sequential empirical copula process

A decomposition for the process D,

(s,t,u) €[0,1]%"? s < t.

=
@
st
=
I
S
(]
=
<
A
=
|
a
=
i

i=|ns]+1
~ Zc(ta ") - ZC(57 ll)

in £°({s <t €[0,1]*} x [0,1]%), Zc¢ a centered Gaussian process (a
C-Kiefer—Miiller process) [van der Vaart and Wellner(2000)]

The process D, can be written as function of the sequential empirical copula
process C,:

Dn(s, u) = (1 — @) Cn(0,s,u) — Lr;sj Cn(s, 1, u),

with s € [0,1] and u € [0,1]9.
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T

he sequential empirical copula process

Asymptotic behaviour of S, under Hg

Proposition

Under Ho

g = sup/ {Da(s, u)2dCy(u) ~ Sc = sup/ (De(s, u)}2dC(u).
sefo,1] J[o,1]¢ sefo,1] J[o0,1]d

De(s,u) = (1 —s)Cc(0,s,u) — sCc(s,1,u), (s,u) e [0,1]"".
and for s < t € [0,1]? and u € [0,1]¢

d
(Cc(S, t, u) = {Zc(t, ") - ZC(Sv u)} - Z C}'(U){Zc(t, u{j}) - ZC(57 u{j})}a

j=t

with Zc the centered Gaussian process and u¥} = 1,...,1,u,1,...,1).
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Computation of approximate p-values

Summary

Computation of approximate p-values
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Computation of approximate p-values

A resampling scheme of the sequential empirical copula process

m From the previous theorem, the process C, is asymptotically equivalent to
process C,

Cn(s, t,u) = {Zn(t, u) — Zn(s, u)} — Z Ci(u){Za(t, uV) — Zn(s, u)},
with
Lns)

Tn(s, u) = \% S U < w) - Cw)} (s.m) € 0,17

8 Z, ~ Zc in £2°([0,1]9%1), Z¢ the C-Kiefer-Miiller process

m To resample C,, we construct a resampling of Z, and we estimate the
partial derivatives C;.

Tom Rohmer (CR, Inra, GenPhySE) —Animation scientifique GenPhySE— 26 / 49



Computation of approximate p-values

Ar li h for the seq ial pirical copula process

A resampling scheme for Z,, case of i.i.d. observations

i.i.d. multipliers [van der Vaart and Wellner(2000)]

A sequence of i.i.d. multipliers (&)icz satisfies the following conditions:
m For all i € Z, & are independent of observations Xy, ..., X,
= E(&) =0, var(é) =1 and [{°{P(|é| > x)}*/?dx < cc.

For m=1,..., M consider the processes

Lns]

7™ (s, u) = % S €M < w) - W) (sw) € 0,1

[Holmes, Kojadinovic et Quessy(2013)]
(Zm 221)7 eco 7ZS1M)> e (ZC7Z(CI)7 coog Z(CM))

in {£°°([0, 1]9T*)}M*, where Zc is the C-Kiefer-Miiller process and the

processes Z(Cl), . ,Z(CM) are independent copies of Zc.
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Computation of approximate p-values

Ar li h for the ial pirical copula process

A resampling scheme for C,, |

m For serial dependent data, we have to construct dependent multipliers
e~ Na(0,%), Ty = p(72) with ¢ symmetric, ¢(0) =1 and ¢(x) =0
for all [x| > 1 and £, = o(n) (i.e. £, dependence)

m For m=1,... M, consider the estimated processes:

Lns]

7 (m 1 m 71:n

B u) = =3 €07 <w) = G}, (s ) € 0.1,
i=1

and

B (s, t,u) = 25 (t,u) — 28 (s,u) (s, t,u) € [0,1]7"2.

= We consider an estimator Cj 1., of C; constructed with finite differencing
of the empirical copula at a bandwidth of hj,:
Cl:n(u + hnej) - Cl;n(u — hnej)
min(uj + hn, 1) — max(u; — hy, 0)’

G"(u) = ue[0,1]%
e =(0,...,0,1,0,...,0) and h, = n"¥/2,
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Computation of approximate p-values

Ar li h for the ial pirical copula process

A resampling scheme for C,, |l

For the estimated processes

d
CE (st u) = BI(s, t,u) =) Gan(u) BI (s, t,u),  (s,6,u) €[0,1]%, s < ¢,

j=1
we have the following result:

[Biicher, Kojadinovic, Rohmer et Segers(2014)]

Let Xi,..., X, be drawn from a strictly stationary sequence (Xj)icz. Under
"mixing conditions",

(G €, 817) = (€, ),

in {£2°(A x [0,1]9)}M*+, where C®), ..., C are independent copies of Cc.

Tom Rohmer (CR, Inra, GenPhySE) —Animation scientifique GenPhySE— 29 / 49



Computation of approximate p-values

Ar li h for the seq ial pirical copula process

A resampling scheme for C,, I

For (s,t,u) € [0,1]%"2, s < t, consider the processes

Lnt]

v 1 m 7y L0 M
BO(s tu)= <= >0 PO < ) = g ()
i=|ns]+1
and
d . .
(s, tu) =B (s, t,u) =S G nsyns o) () BE (s, £, 0.
j=1

[Biicher, Kojadinovic, Rohmer et Segers(2014)]

Let Xi,..., X, be drawn from a strictly stationary sequence (Xi)icz. Under the
same mixing conditions:

(CH,C£1’7...,C<HM>) - ((Cc,(C(C”7...,<C(CM))7

in {£>°(A x [0,1]9)}M 2.
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Computation of approximate p-values

Ar li h for the seq ial pirical copula process

A resampling for S,

m The process D, can be rewritten as:
Dy (s, u) = An(s,1)Cn(0, s, u) — An(0, s)Cx(s, 1, u).

m Two possibilities to resample D,:
DY (s, 1) = An(s, 1)E(0, 5, u) — An(0,5)CY™ (5,1, u),
B (s, u) = An(s, )E(0, 5, u) — An(0, $)E (5,1, u).
® ... and for S,:

&(m) "~ (m) L2
n = ]D)n k y U 5
S ke{lefi_l};{ (k/n, OF™)}?/n

n

éﬁ’") = max Z{]Iv))ﬁ,m)(k/n, 0;1:”)}2/n.

ke{1,..., n—1} )
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Computation of approximate p-values

Ar li h for the seq ial pirical copula process

Asymptotic validity of the resampling scheme

[Biicher, Kojadinovic, Rohmer et Segers(2014)]

Under Ho and with the same mixing conditions and &; , "well-chosen",
(Sny §,(,1), tey §I(7M)) ~ (5C7 52‘1)7 R S(CM))

(5,3, 3M) s (Sc, D, sU)

in RM+1, S(Cl), o S(CM) independent copies of Sc. )
[ §,51), .. .,§,(,M) and g,(,l), . 5,(,M) can be interpreted as M 'almost’

independent copies of S,.

= We compute two approximate p-values for S, as

Pm,n = % ”f:ll (5,(,'") > Sn) and Py, = % ; 1 (5,(,'") > Sn)

=1
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Computation of approximate p-values

Ar li h for the seq ial pirical copula process

The pros and cons

+: Most powerful test than predecessors for detect a change in copula

+: Consistent tests

+: Adapted in the case of strong mixing observations

-1 Expensive computation for big data analysis

-1 Less sensitive to detect a change in marginal distribution

-1 Without the hypothesis than the margins are constant; we can't conclude
in favor of a change in copula.

R Rohmer, T.
Non Parametric Test for Detecting Changes in the Copula
1pCop Test, CRAN, 2018
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Monte Carlo Simulations

Summary

Monte Carlo Simulations
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Monte Carlo Simulations

Cramér-von Mises statistic, case of serially independent observations

Consider the alternative Hi,c:

7'[l,c

Hi,c : 3 distinct C; and G, and t € (0,1) such that
X1,...,X|nt) have copula Ci and X|nt)41,. .., X, have copula G.

Percentages of rejection of hypothesis Ho computed using 1000 samples of size
n € {50,100,200} generated under:

m Ho = Ho,c N Ho,m,
] H1 - Hl,c N HO,m
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Monte Carlo Simulations

Nasdaq, Dow Jones and the "black Monday" (1987-10-19)

450
1

Nasdag
350 400

2600 300

Dow Jones
2200
1

1800

1987 1988 1989

years

Suppose there is at more a unique change in m.c.d.f. at time m = 202
(1987-10-19)

b pom™ = 0.201 : no evidence against Ho..
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Monte Carlo Simulations
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Monte Carlo Simulations
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Monte Carlo Simulations
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Problematic

Let consider N the number of animals in our data set and

Y, = (y1,1,¥1,2), .- = (ywn,1, yn,2) the observed couples of phenotype.
These phenotypes were measured n; times, thus, for i =1,... N,
yitn o Yirz
Y, =i, yi2) =
ini1  Yin;2

Fori=1,...,N, and j =1,2, yj1j,... Y, are potentially time-dependent
A Phenotypes yi1 and y; 2 don't are independent
The observations YooY, don't are independent (genetic part)
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Let consider H;; the cumulative distribution of the random vector (Y1, Yie2)
and F}'; and F?, the respective marginal distributions of Yix1 and Y for
i=1,...,Nand t=1,...,n;, assumed continuous. According to the Sklar’s
theorem, it exists an unique function G ; such that

Hie(y1,y2) = Gie(Fire(31), Fie(y2)),  for all (y1,y2) € R?.

The copula C;,: characterize the dependence structure of the vector (Yie, Yie2)-

1 2 1 2
Fie  Fi Fie  Fie
Yii1  Yi12 Yk11 Yk12
: : > : :
Cit pedigree — Cit
Yin;1 Yin;2 Yknj 1 Ykn, 2
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We will start by assuming conditions

A.1 Marginal distributions do not change with time:

Fy=..=F,=Fforalj=12andi=1,...,N

A.2 Copulas do not change with time:
Ci=...=Cnp=Cforalli=1,...,N

A3 Foralli=1,...,N, and j =1,2, yij,...Yin; are time-independant
or A3 Foralli=1,...,N,and j =1,2, yij,...Yin;j are strong-mixing

A.4 Copulas G belong to Fi = {Cj 6,0 € ©} where C; ¢ are parametric
copulas and F; depends on pedigree.
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Some questions:

Q.1 Does dependence (copulas) depend on genetic effect?
Q.1.1 Does the genetic part affect the family of copula?
Q.1.2 Does the genetic part only affect parameters of copula?

Q.2 How to estimate the copula C; for a specific individual taking into
consideration the genetic effect?
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Dac, Time durations & Ingested quantities
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Dac, Ranked Time durations & Ranked Ingested quantities

Ingested Quantity (rank)

0.6

02 04 06 08 1.0 02

0e 06
Time duration (rank)
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Goodness-of-fit test

n ChangeTest Copula  gofTest tau

3740 422 0.669 Frank 0.55 0.77
5348 1235 0.486 t 0.08 0.70
5483 360 0.041 Clayton 0.17 0.72
5509 615 0.460 Frank 030 0.81
5821 271 0.197  Frank 0.02 0.81
6647 254 0.173  Clayton 0.23 0.52
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Dac, Ranked Time durations & Ranked Ingested quantities (simulations)

w g 8
B -
[T NEN
08 0 % & e
> L
R i
06 R
o Rade ©
s §ootgeo o]
ot s g, °
AT
04 AR .
. g’?,;ga;;““’i% o
¢ owege 3 o
02 o, E otho ®
5 aivegs,
2 gy S8
e o ibeg o7
g ™
&
s
a
B0 o 5 050 o o LIS
7 “as g% HEENR L1 % & ®e,
3 o %% B ae NI
£ o8 Gl o ghas e egteTeg
L ° o wdoe o ° o o7 %4007
08 = %o Py B o 5 & 8 00 07
oo dEd v Uk e et e
Sonpad o o 29 o "o
IR 20 S8 P ° o T oy °
Sl 6.2 228, o B oo
08 ebge 1 ° a9 950 o° B 00 % °
¥ . B i . . L
F ", SuP e I I S
o T N I
v 320 SLAPTR
& 0 Wl S ele o0 d 0o
R o0 &5 %% o o g & 202 o
02 m“@?«,ﬂ e T
s °
° 3 ° P o
£ 8 ° g o e
e, )

02 04 0.6 08 1.0 0.2 04 0.6 08 10 0.2 04 0.6 08 10
Time duration (simul)

Tom Rohmer (CR, Inra, GenPhySE) —Animation scientifique GenPhySE— 48 / 49



de recherche a GenPhySE

Thank you fog

)
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