Détection de rupture dans la copule d'observations
multivariées avec possibilité de changement dans les lois
marginales. lllustration et simulations de Monte Carlo.

—Séminaire LMAC de Compiégne—

Tom Rohmer

with collaboration from:
Ivan Kojadinovic (Université de Pau) & Jean-Franois Quessy (Université de
Trois-Riviéres)
and
Axel Biicher (Université d'Heidelberg) & Johan Segers (Université
catholique de Louvain)

19 December 2017

Tom Rohmer (Post-doctorant, Université du Maine, PANORisk) Séminaire LMAC Compiegne 1/42



Summary

Introduction

Measure of the multivariate dependence
m The Sklar's theorem
m The role of copulas to test for breaks detection

A Cramér-von Mises test statistic
m Empirical copula
m Test statistic
m The sequential empirical copula process

A Computation of approximate p-values
m A resampling scheme for the sequential empirical copula process

With changes in the marginal cumulative distribution functions

[@ Monte Carlo Simulations

Tom Rohmer (Post-doctorant, Université du Maine, PANORisk) Séminaire LMAC Compiégne 2 /42



Introduction

Summary

Introduction

Tom Rohmer (Post-doctorant, Université du Maine, PANORisk) Séminaire LMAC Compiégne 3/42



Introduction

Test for break detection

Let Xi,..., X, be d-dimensional random vectors, where for i =1,...,n,
Xi = (Xi1, ..., Xig). We aim at testing the null hypothesis

Ho : IF such that Xy, ..., X, have c.d.f. F. J
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Introduction

Test for break detection

Let Xi,..., X, be d-dimensional random vectors, where for i =1,...,n,
Xi = (Xi1, ..., Xig). We aim at testing the null hypothesis

Ho : IF such that Xy, ..., X, have c.d.f. F. J

Example of alternative hypotheses :
m An abrupt change at the instant k* € [1,n—1] :

IFMF@ such that Xu, ..., Xis ~ FY Xpegr, .o, X ~ FO
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Introduction

Test for break detection

Let Xi,..., X, be d-dimensional random vectors, where for i =1,...,n,
Xi = (Xi1, ..., Xig). We aim at testing the null hypothesis

Ho : IF such that Xy, ..., X, have c.d.f. F. J

Example of alternative hypotheses :

m Agradualchange : 31 < ki< ko <n-1
X1,y Xpy, ~ F)
Xiys ooy Xn ~ FO)
For i = ki +1,..., ko the law of X; will gradually go from F(!) to F(2.
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Introduction

Cumulative Sum test for Hg, serially independent data |

Example 1 : Test for change in the mean, d=1

k n

k(n—k) |1 1

b = o g
Th=, _max  — {k Zx, — .Z x,}

i=1 i=k+1

Lns]

B 56[0 1 \[Z
m Under Ho, as soon as Xi,..., X, arei.id.,

Ty~ o sup |U(s)],
s€[0,1]
where o2 is the unknown variance of X; and U is a standard Brownian

bridge, i.e. a centered Gaussian process with covariance function :

cov{U(s),U(t)} = min(s, t) — st, s, t €[0,1].
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Introduction

Cumulative Sum test for Hyg, serially independent data Il

Example 2 : test a la [Csorgd et Horvath(1997)]
k(n—k
T# = S0 Frx(x) — Frsin
L ()~ o)
Lns)

— sup sup %;{I(X@)—Flm(xn,

s€[0,1] xeRd

where for 1 < k < n, Fy.x (resp. Fk+1.n) is the empirical c.d.f. of the subsample
Xl, ey Xk (resp. Xk+1, ey X,,) :

k n
1 1
Fl:k(X): % E l(Xi SX), Fk+1:n(X): r— E l(Xi Sx)a
i=1 i=k+1

and

n

1
Fl;,,(X) = ; E I(X, S X).
i=1
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Introduction

Strong mixing conditions

m In this work, we do not necessarily assume the observations to be serially
independent. The asymptotic validity of techniques is proved for strongly
mixing observations :

[Rosenblatt(1956)]

Consider a sequence of d-dimensional random vectors (Y;)iecz. For

s,t € ZU{—o00,+0oo}, let Fi the o-algebra generated by Y;, s < i<t ie,
Fi=o0(Yi,s <i<t). The strong mixing coefficient is defined by

oy = sup sup |P(AN B) — P(A)P(B)|.
t€Z AcFt _BEFET

The sequence (Y;)icz is said a-mixing if &, — 0 as r — +o0.
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Introduction

Nasdaq, Dow Jones and the "black Monday” (1987-10-19)
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AT# a=0.05 .
> P, = 0.0004 : we conclude in favour of =H,.
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Measure of the multivariate dependence

The Sklar's theorem

The Sklar's theorem

Theorem of [Sklar(1959)]

Let X = (Xi,...,Xq4) be a d-dimensional random vector with c.d.f. F and let
Fi,...Fq be the marginal c.d.f. of X assuming continuous. Then it exists a
unique function C : [0,1]¢ — [0, 1] such that :

F(x) = C{Fi(x1), ..., Fa(xa)}, x=(x1,...,x) € RY.

m The copula C characterizes the dependence structure of vector X.

m The copula C can be expressed as follows :
Clu) = F{FT (), ()} o= (o, ) € [0,1]°.

[ A. Sklar.
Fonctions de répartition a n dimensions et leurs marges.

Publications de I'Institut de Statistique de I'Université de Paris, 8 :
229-231, 1959.
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Measure of the multivariate dependence

The Sklar's theorem

Classical copulas

Independence copula :

d
C"(u) = Huj;

Normal copulas
CY(u) = Sy s{® H(wn),..., o *(ua)};

® Gumbel-Hougaard copulas :
d 1/6
CHu)=exp | — {Z{— Iog(uj-)}e] , 0>1;
j=1
m Clayton copulas :

d -1/6
Csl(u) = <Z u’—d+ 1) , 0>0.
j=1

—My Copulas here
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https://testmyshinyapply.shinyapps.io/app-copula2/

Measure of the multivariate dependence
The role of copulas to test for breaks detection

The role of copulas to test for breaks detection

Ho : IF such that Xy, ..., X, have c.d.f. F. J

Sklar's theorem allows to rewrite Ho as Ho,m N Ho,c where

Ho}m n 'Ho’c :

Ho,c : dC, such that Xi,..., X, have copula C
Ho,m : 3F1,...,Fq such that Xi,..., X, have m.cd.f. Fi,... , Fq.

m Construction of a test for Ho more powerful than its predecessors against
alternatives involving a change in the copula, based on the CUSUM
approach.

m F, Fi,...,F4 and C are unknown.
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on Mises test statistic

Summary

A Cramér-von Mises test statistic
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A Cramér-von Mises test statistic

Empirical copula
Empirical copula |

m Let Xi,..., X, be d-dimensional random vectors with continuous m.c.d.f.
Fi,...,Fq and copula C.

m For i =1,...,n, the random vectors U; = (F1(Xi1), ..., Fa(Xia)) ~ C.

m When Fi,..., Fq are supposed known, a natural estimator of C is given by
the empirical c.d.f. of Ui,..., U,.
m Here Fi,..., Fy are unknown, an estimator of C is given by the empirical

c.d.f. of pseudo-observations of copula C :

For j=1,...,d let Fi.,; be the empirical c.d.f. of sample Xy, ..., X;. For
i=1,...,n, consider the vectors

A n 1 n n
0" = (Frn1(Xin), .-y Find(Xid)) = (Rili N 5 )s

n

where for j =1,...,d, R,-}-:” is the maximal rank of Xjj among Xy, ..., Xy;.
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A Cramér-von Mises test statistic

Empirical copula

Empirical copula Il

[Riischendorf(1976)], [Deheuvels(1979)]

Cun(u) = %Z 1(0"" < w), u e [o0,1]°.
i=1

Let Gk (resp. Ck+1:n) the empirical copula evaluated on Xi,..., Xk (resp.
Xk+17"'axn) :
1o 1 <
_ 71k _ (jk+1n d
Croe(u) = ¢ ZI(U, < u), Cirron(u) = —— 'Z 10" <u) welo,1]°.
i=1 i=k+1
e A Ry
— | | — Cik.
X (R s Rid)
k
(REET o REAT
— | — Gt
X0 = (X Xu) (Rt RN
n = nly 3 /NN

Tom Rohmer (Post-doctorant, Université du Maine, PANORisk)

Séminaire LMAC Compiégne

15 / 42



A Cramér-von Mises test statistic

Test statistic

Break detection in copula
We consider the process

Dn(57 u) = ﬁ%(n_jr\;nﬂ){cl;[nsj(U)*CL,,SJ+1;,,(U)}, (S, u) E [0, 1]d+1,

A Cramér-von Mises statistic :

Sk = / D3(k/n, u)Cin(u) = > DA(k/m, OF"),
[0,1¢ i=1

and
S, = max  S,«.

ke{1l,...,n—1}

m Under Ho, for all k € {1,...,n—1}, Ci.x and Ciy1.n estimate the same
copula C, thus S, tends to be relatively weak.

m For an abrupt change in copula, the unknown break time can be estimate
by the integer k which maximise S, «.
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A Cramér-von Mises test statistic

The sequential empirical copula process

The sequential empirical copula process
Let for s < t € [0,1], An(s, t) = (| nt] — |ns])/n.

Sequential empirical copula process

CH(S, t, ll) = \/E)\n(s, t){CLnstrl:Lntj (u) - C(U)}

Lot
1 7y Lns n
== > {10 <w) - cy)
\/E i=|ns]+1
1 !
Ck:l(u) = m ZI(U,H < U) uc [0,1]d7 1 < k < / <n.
i=k
Xy = (Xu1, , X1d)
X (R, R
— ‘ ‘ — Ciy.
Xi (G R
X = (X1, s Xnd)
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A Cramér-von Mises test statistic

The sequential empirical copula process

Asymptotic behaviour of the sequential empirical copula process

Condition : [Segers(2012)]

For any j € {1,...,d}, the partial derivatives C; = AC/du; exist and are
continuous on V; = {u € [0,1]¢, y; € (0,1)}.

Theorem

Let Xi,..., X, be drawn from a strictly stationary sequence (Xi)iez with
continuous margins and whose the strong mixing coefficient satisfies
ar = O(r?), a > 1. Under the previous condition,

sup |Co(s, t,u) — Co(s, t, u)|%0
uel0,1]9

where for u € [0,1]¢, and 0¥} = (1,...,1,u;,1,...,1),

C(stu)—B(stu)—ZC (u)Bo(s, t, uV?h).

=
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A Cramér-von Mises test statistic

The sequential empirical copula process

A decomposition for the process D,

Lnt]
Ba(s, t,u) = N > {1Ui<u)-C(u)}, (s,tu) €0, s<t.

i=[ns]+1
~ ZC(t7 u) - ZC(Sa U)
in £°({s <t €[0,1]?} x [0,1]%), Zc a centered Gaussian process (a
C-Kiefer—Miiller process).
The process D, can be written as function of the sequential empirical copula
process C, :

Di(s,u) = (1 — @) Cn(0,s,u) — Ln—nsJ(Cn(s7 1,u),

with s € [0,1] and u € [0, 1],
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A Cramér-von Mises test statistic

The sequential empirical copula process

Asymptotic behaviour of S, under Hj

Proposition
Under Ho
1< et
So=  max XS Da(k/n OF) ~ Sc = sup / (De(s, )P C(u).
ke{l,...,n—1} n i s€[0,1] J[o,1)¢

De(s,u) = (1 —s)Cc(0,s,u) — sCc(s,1,u), (s,u) € [0,1]%".
and for s < t € [0,1] and u € [0, 1]¢

d
(CC(Sv t, ") = {Zc(t, ") - ZC(57 ")} - Z Cj(u){ZC(t’ u{j}) - Zc(s, u{j})}v
j=1
with Z¢ the centered Gaussian process and ut/} = 1,...,1,u,1,...,1).
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Computation of approximate p-values

Summary

A Computation of approximate p-values
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A resampling scheme of the sequential empirical copula process

m From the previous theorem, the process C, is asymptotically equivalent to
process C,

Ca(s, t,u) = {Zn(t, u) — Zn(s, u)} — Z Ci(u){Za(t, uV) = Zn(s, u)},

with

Lns)
Zn(s, u) = % S LU < w) - Cw)} (s.u) € 0.1

8 Z, ~ Zc in £2°([0,1]9%!), Zc the C-Kiefer-Miiller process

m To resample C,, we construct a resampling of Z, and we estimate the
partial derivatives C;.
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Computation of approximate p-values

A resampling scheme for the sequential empirical copula process

A resampling scheme for Z,, case of i.i.d. observations

i.i.d. multipliers [van der Vaart and Wellner(2000)]

A sequence of i.i.d. multipliers (&;)iez satisfies the following conditions :
m For all i € Z, &; are independent of observations X, ..., X,
= E(&) =0, var(&) = 1 and [°{P(|%| > x)}'/?dx < oo.

For m=1,..., M consider the processes

Lins]
74 (s, u) = % S €W < u) - ) (s.u) € [0,

[Holmes, Kojadinovic et Quessy(2013)]
(Zm ZE}), ooo 7Z$1M)) e (ZC7 Z(Cl)7 ccog Z(CM))

in {£°([0, 1]9+1)}M*1 where Zc is the C-Kiefer-Miiller process and the
processes Z(Cl), ceey Z(CM) are independent copies of Zc.
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Computation of approximate p-values

A resampling scheme for the sequential empirical copula process

A resampling scheme for C,, case of serially dependent observations |

dependent multipliers [Biihimann(1993)]

A sequence (& n)iez of dependent multipliers satisfy the following conditions :

m (&,n)iez is strictly stationary and for all i € Z, &;,, are independent of
observations Xi,...,X,;

m E(&,n) =0, var(éo,,) = 1 and sup,5; E (|€o,n|") < oo for any v > 1;

m There exists a sequence ¢, — oo of strictly positive constants such that
L, = o(n), and the sequence (& n)icz is ¢n-dependant; i.e., such that & ,
is independent of &4, for all h > ¢, and all i € N;

m There exists a function ¢ : R — [0, 1], symmetric around 0, continuous at
0 satisfying ¢(0) = 1 and ¢(x) = 0 for all |x| > 1, such that
E(&o,nén,n) = @(h/l,) for all h € Z.
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Computation of approximate p-values

A resampling scheme for the sequential empirical copula process
A resampling scheme for C,,, case of serially dependent observations Il

m Using dependent multipliers &; , " well-chosen”, we can construct a
resampling for Z, (or B,) adapted to the case of dependent data.

[nt]
1 m
B (s, tou)=—= > &MU <u)-C(u)}, (s.t,u)€[0,1]"P s <t
V. ’
i=|ns]+1
m For m=1,..., M, consider the estimated processes :
[nt]

1 m
v > EHUOF < u)=Cua(w)}, (s, t,u) € [0,1]°.
i=|ns]+1

= We consider an estimator Cj 1., of C; constructed with finite differencing

of the empirical copula at a bandwidth of h, :

Cl:n(u + hnej) - Cl;n(ll — h,,ej)
min(uj + hn, 1) — max(u; — h,, 0)’

G (u) = we[0,1]°,

e =(0,...,0,1,0,...,0) and h, = n"1/2,
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Computation of approximate p-values

A resampling scheme for the sequential empirical copula process

A resampling scheme for C,,, case of serially dependent observations Il

For the estimated processes
Ci (s, t,u) =B (s, t, u) ZCJM VB (s, 8wy, (s,t,u) €]0,1]972 s < t,

we have the following result :

[Biicher, Kojadinovic, Rohmer et Segers(2014)]

Let Xi,..., X, be drawn from a strictly stationary sequence (Xi)icz whose
strong mixing coefficients satisfy a, = O(r~?), a > 3 4 3d/2. Consider
Iy = O(n*?77), v € (0,1/2). Then :

((Cn,@f,l),..,,(@ﬁ"”)) . ((Cca(c(cl),-..,(C(CM))7

in {£°(A x [0,1]")}*!, where C(Cl), . ,(C(CM) are independent copies of Cc.
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Computation of approximate p-values

A resampling scheme for the sequential empirical copula process

A resampling scheme for C,,, case of serially dependent observations IV

For (s, t,u) € [0,1]9"%, s < t, consider the processes

Lnt)
v 1 n: n
B (s, t,u) Z MO < w) = Clnsen: oy ()}
i=|ns]+1

and

Cnm)(sv t? U) :]B 5 t ll ZCJ Lns]+1: \_an )]Ef.,m)(57 t, u{J})

[Biicher, Kojadinovic, Rohmer et Segers(2014)]

Let Xi,..., X, be drawn from a strictly stationary sequence (Xi)icz. Under the
same mixing conditions :

(el ) (e )

in {£>°(A x [0,1]9)}M 2.
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Computation of approximate p-values
A resampling scheme for the sequential empirical copula process

A resampling for S,

m The process D, can be rewritten as :
Dy(s, u) = An(s,1)Cn(0, s, u) — An(0, s)Ch(s, 1, u).
m Two possibilities to resample D,

D™ (s, ) = An(s, 1)CY™(0, 5, ) — An(0, 5)E (5, 1, u),

D™ (s, u) = An(s, 1)E™ (0, 5, u) — An(0, $)ES™ (s, 1, ).

.. and for S,

&lm — Z{]D)(m (k/n, OF™)¥2/n,

k€{1 ,n— 1}

S = oM }Z{D("’ (k/n, OF")Y /.
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Computation of approximate p-values
A resampling scheme for the sequential empirical copula process

Asymptotic validity of the resampling scheme

[Biicher, Kojadinovic, Rohmer et Segers(2014)]

Under Ho and with the same mixing conditions and &; , " well-chosen”,

(50, 50, 8y s (Sc, 8D, sUMy

(5, 8, 8y s (Sc, 8D sy
in RM*1, S(Cl), e S(CM) independent copies of Sc.
[ 3,(,1), .. .,§,(,M) and 5,(,1), .. .,5,(,M) can be interpreted as M 'almost’
independent copies of S,,.
m We compute two approximate p-values for S, as
1M
721( 8 >'S,) and pu,n = le (3" > s1)
m=1
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Computation of approximate p-values
A resampling scheme for the sequential empirical copula process

The pros and cons

Most powerful test than predecessors for detect a change in copula

Consistent tests

+ + +

Adapted in the case of strong mixing observations
- . Less sensitive to detect a change in marginal distribution

Without the hypothesis than the margins are constant; we can’t conclude
in favour of a change in copula.
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With changes in the marginal cumulative distribution functions

Summary

With changes in the marginal cumulative distribution functions
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With changes in the marginal cumulative distribution functions

Break detection in the copula when there exists a change in marginal
distribution at time m = |nt], t € (0, 1) known.

Consider the following null hypothesis

Ho' = Him N Hoc :

Ho,c :3C, such that Xi,..., X, have copula C
Him :3F1,...Fyand Fi,...F} such that Xi,..., Xn,
have m.c.df. Fi,... Fg and Xmi1,..., X, have m.cd.f. F{,...Fj.

Taking the change at time m, an estimator of copula C can be built with the
following pseudo-observations :

g — (Fumai(Xi), ..., Fumda(Xa)) i€{1,...,m}
o (Fmi1ni(Xi), - oy Fmyrng(Xia)) i€ {m+1,...,n},

where in this case j = 1,...,d,Fi.mj (resp. Fm+1:nj) is the empirical cumulative
distribution function computed with Xy, ..., Xmj (resp. Xmi1j, - - -, Xnj)-
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With changes in the marginal cumulative distribution functions

In the same way, we construct Ci.k,m and Ciy1:n,m from sub sample Xi,..., Xi
and Xiq1,..., X, for kin {1,...,n—1}.

FicurE: Case of m < k :

X1 = (Xu, , X1d)
(RE™, S RL™
— | | — Cim
(Rats s Red)
Xm Cikm
(R, e R
— | — Gtk
(R, SR
Xi
(R R
N | — Cirrn — Cisrinm
(Rkm, )
X, = (X1, , Xnd)
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With changes in the marginal cumulative distribution functions

The process

> The empirical c.d.f. Ci.k,m and Ciy1.n,m evaluate from pseudo-observations

71k 71:k pk+1:n jk+1:n .
Uim - Ucmand U570, ... Up " are given by

_ %Cl:m( )+ k_TmCmJFI: ( ) m e [].7 k]
Crs,m(u) = { Cl:k(ll)u k(u men

and

DA Crrrim(U) + 252 Copren(u mel[k+1,n
Ck+1:n,m(u):{ &::(u)ﬂ (u) + 75751 Cmrin(u) g Ek+1 n}‘

The test statistic is
1 n
2 71
Sn,m = k:I'T;,a.?.(,n ; ‘zl:Dn,m(k/nv Ui,n’;)
i—

where
k(n— k)

]Dn,m(k/n7 U) = /2

{Clck,m(u) - Ck+1:n,m(u)} .
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With changes in the marginal cumulative distribution functions

Asymptotic behaviour of S, ,, under Hy

Theorem [Rohmer(2016)]

Let Xi,..., X, nindependent (or strong mixing) random vectors, with copula
C such that for a fixed integer m, Xi,..., X, have marginal c.d.f. f,..., Fq4
and X1, ..., X, have marginal c.d.f. F{,..., F}. Then with similar conditions,
we have :

Sn,m ~ Sc = sup / D% (s, u)dC(u).
[o,1¢

s€f0,1]

m The asymptotic distribution does not depend on m!

m This result can be generalized at the case of multiple changes in marginal
distributions.

m R package 'npCopTest’
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Monte Carlo Simulations

Summary

[@ Monte Carlo Simulations
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Monte Carlo Simulations

Cramér-von Mises statistic, case of serially independent observations
Consider the alternative Hi :
Hl,c

Hi,c : 3 distinct G and G, and t € (0,1) such that
X1, ..., X|nt) have copula Gi and X|,¢|11,- .., Xs have copula G,.

Percentages of rejection of hypothesis Ho computed using 1000 samples of size
n € {50, 100,200} generated under :

m Ho = Ho,c N Ho,m,
m HicNHom
With a change in marginal c.d.f. :
B Hy =Hoe N Him
B HicNHim
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Nasdaq, Dow Jones and the "black Monday” (1987-10-19)
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Suppose there is at more a unique change in m.c.d.f. at time m = 202
(1987-10-19)

ASn,m

> p,.;" = 0.201 : no evidence against Hp ..
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