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Présentation des derniers travaux

Exponential family

parametric assumption: One-parameter exponential family

Consider the sample Y = (Y1, . . . ,Yn), composed of independent random
variables (but not i.i.d).

For i = 1, . . . , n, the distribution of Yi belongs to the one dimensional
exponential family with parameter λi ∈ Λ ⊂ R:

the log-density or the log p.m.f. of yi is assumed to be

log L(λi |y) = (λiyi − b (λi ))/a(φ) + c(yi , φ), yi ∈ Y ⊂ R, (1)

and −∞ if yi /∈ Y, where
The parameters λ1, . . . , λn depend on a �nite-dimensional parameter
ϑ ∈ Θ ⊂ Rp and depend on deterministic exogenous variables
x1, . . . , xn ∈ Rp: λi = λ(ϑ; xi )

φ dispersion parameter

Direct computations lead to

b′(λi ) = Eϑ(Yi ) and b′′(λi )a(φ) = Varϑ(Yi ).
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GLM

A link function between natural parameter and explanatory variables

Generalized linear models assume:

1 Y1, . . . ,Yn are independent observations with density or p.m.f. (1)

2 a linear predictor w.r.t. explanatory variables

〈xi ,ϑ〉 = ηi = ϑ1 + x
(2)
i ϑ2 + . . .+ ϑpx

(p)
i

3 a link function g :
g(Eϑ(Yi )) = g(b′(λi )) = ηi ,

where g is a twice continuously di�erentiable and injective on b′(Λ).

In other words, λi = λ(ϑ, xi ) = `(ηxi ) = `(〈xi ,ϑ〉) with ` = (b′)−1 ◦ g−1.
Canonical case: ` = id , i.e. g = (b′)−1
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Présentation des derniers travaux

Properties of the sequence of maximum likelihood estimators

Score equations for MLE

Let us compute the log-likelihood of y = (y1, . . . , yn):

log L(ϑ | y) =
n∑

i=1

yi`(ηi )− b (`(ηi ))

a(φ)
+

n∑
i=1

c(yi , φ), (2)

Here, the vector of the parameters ϑ is unknown.

If the model is identi�able,

the sequence of maximum likelihood estimators (ϑ̂n)n≥1 de�ned by

ϑ̂n = arg maxϑ∈Θ L(ϑ | y) asymptotically exists and is consistent [Fahrmeir
& Kaufmann 1985].

The maximum likelihood estimator (MLE) ϑ̂n, if it exists, is the solution of
the non linear system

Sj(ϑ) = 0⇔ 1

a(φ)

n∑
i=1

x
(j)
i `′(ηi )

(
yi − b′ (`(ηi ))

)
= 0, j = 1, . . . , p, (3)

Iterative Re-weighted Last Square procedure to get ϑ̂n.
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Properties of the sequence of maximum likelihood estimators

Categorical explanatory variables.

Consider the general case where all m explanatory variables are categorical,
that is for j = 1, . . . ,m every observations (x

(j+1)
i )i takes values in a �nite set

{vj,1, . . . , vj,dj } . x
(j+1)
i needs to encoded using binary dummies as follows

x
(j+1),k
i = 1{x(j+1)

i =vj,k}
, k ∈ {1, . . . , dj}.
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Présentation des derniers travaux

Properties of the sequence of maximum likelihood estimators

identi�ability contraint

Because of redundancies in the linear predictors and we must impose a contrast
matrix R ∈ Rq×p, in order to identify the unknown parameters, namely

Rϑ = 0.

MLE estimator

ϑ̂n = arg max
ϑ∈Θ|Rϑ=0

L(ϑ |Y ),

Typical examples of contrast vectors in the case of 1-categorical explanatory
variable:

No-intercept model R = (1, 0, . . . , 0) i .e. ϑ(1) = 0; (C0)

Model without factor 1 R = (0, 1, . . . , 0) i .e. ϑ
(2)
1 = 0; (C1)

Zero-sum condition R = (0, 1, . . . , 1) i .e.
d∑

j=1

ϑ
(2)
j = 0. (CΣ)
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Properties of the sequence of maximum likelihood estimators

Pro-cons

+ ϑ̂n is an e�cient consistent estimator

- Time-consuming IWLS algorithm for high dimensional problem

- R propose a limited choice of distribution/link function.
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Properties of the sequence of maximum likelihood estimators

Reformulation

the linear predictor ηxi simpli�es in the following way

g (EϑYi ) = ηxi = ϑ1 +
∑
j

ϑ
(j)
kj

+
∑
j2<j3

ϑ
(j2,j3)
k2,k3

+ · · ·+ ϑ
(2,...,m+1)
k2,...,km+1

:= ηk2,...,km+1 ,

Let η = (ηk2,...,km+1)
k2,...,km+1

and de�ne the matrix Q as

η = Qϑ.

dimension Q = terms

m = 1 (1d2 , Intercept
Id2) Single e�ect

m = 2 (1d3d2 , Intercept
1d3 ⊗ Id2 , Id3 ⊗ 1d2 , Single e�ect
Id3d2) Double e�ect

m = 3 (1d4d3d2 , Intercept
1d4d3 ⊗ Id2 , 1d4 ⊗ Id3 ⊗ 1d2 , Id4 ⊗ 1d3d2 , Single e�ect
1d4 ⊗ Id3d2 , Id4 ⊗ 1d3 ⊗ Id2 , Id4d3 ⊗ 1d2 , Double e�ect
Id4d3d2), Triple e�ect

Table: Examples of Q matrix for 1, 2 or 3 variables
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Properties of the sequence of maximum likelihood estimators

Closed-form estimator

CFE estimator

ϑ̃n = (Q ′Q + R ′R)−1Q ′g(Ȳ ),

where g(Ȳ ) =
(
g(Ȳ k2,...,km+1)

)
k2,...,km+1

, with the mean values

Ȳ k2,...,km+1 =
1

mk2,...,km+1

n∑
i=1;ηxi =ηk2,...,km+1

Yi

and the frequencies

mk2,...,km+1 = #{i ; ηxi = ηk2,...,km+1}.
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Properties of the sequence of maximum likelihood estimators

Nice properties I

Full model (with all crossed e�ect)

As soon as the matrix R is such that Q ′Q + R ′R is de�nite-positive, we have

ϑ̃n = ϑ̂n,

that is, the CFE is the MLE.

Example, in the model,

g (EϑYi ) = ϑ(1) +

d2∑
k=1

x
(2),k
i ϑ

(2)
k +

d3∑
l=1

x
(3),l
i ϑ

(3)
l +

d2∑
k=1

d3∑
l=1

x
(2),k
i x

(3),l
i ϑ

(2,3)
k,l .

type ref. category (1st modality) No intercept,
no single-variable dummy

contrast

ϑ(2),1 = ϑ(3),1 = 0

∀l, ϑ1l = 0
∀k, ϑk1 = 0

ϑ0 = 0
∀l, ϑ(3),l = 0

∀k, ϑ(2),k = 0


0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0



1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0


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Properties of the sequence of maximum likelihood estimators

Nice properties II

Restricted Model (without the all crossed e�ect)

As soon as the matrix R is such that Q ′Q + R ′R is de�nite-positive, we have

ϑ̃n
a.s.−→ ϑ,

Moreover ϑ̃n is asymptotically normal.

the CFE is not the MLE

The MLE is asymptotically e�cient but time consuming for high
dimensional datasets

ϑ̃n is very fast

ϑ̃n does not depend of the distribution of Yi

Tom Rohmer (Inrae Toulouse) Closed-form estimator for GLM. 16 / 24



Présentation des derniers travaux

Properties of the sequence of maximum likelihood estimators

Gamma GLM for 2 categorical explanatory variables with single-e�ect only

Figure: Computation time for gamma response with log link function (average over 5
runs)
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Properties of the sequence of maximum likelihood estimators

Example, assurance dataset

Loss frequency modeling

n = 764428 claims

7 explanatory categorical variables

Modèle Méthode AIC Temps parameters

GLM Poisson (o�set, lien log) e�ets simples MLE 461 12.4 s 43
CFE 1113 1.2 s 43

GLM Gamma (lien log) e�ets simples MLE 1076k 2.2s 43
CFE 1079k 0.2s 43

GLM Poisson (o�set, lien log) e�ets mixtes 8x6x2 MLE 512 57 s 96
CFE 512 0.6 s 96

GLM Poisson (o�set, lien log) e�ets mixtes 13x10x4 MLE � � 520
CFE 439 4.1 s 520
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Properties of the sequence of maximum likelihood estimators

Perspectives

1 Model selection

2 Multivariate model
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Properties of the sequence of maximum likelihood estimators

GLM multivariés

Considérons Y1, . . . ,Yn des vecteurs aléatoires indépendants et non
identiquement distribuées: Yi = (Yi1, . . . ,Yid) avec:

1 Yi1, . . . ,Yid ne sont pas indépendant

2 Yi1, . . . ,Yid sont de type exponentielle de paramètre naturel λi1, . . . , λid :

logLj(λij |yij) =
λijTj(yi )− bj (λij)

φj
+ cj(yi , φj).

3 λij = λj(xi ,ϑj)

→ Il existe des fonctions de liens g1, . . . , gd telles que

gj(E(T (Yij))) = ηij = 〈xi ,ϑj〉, j = 1, . . . , d , i = 1, . . . , n.

• Hypothèse paramétrique sur les marges

• Hypothèse paramétrique sur la copule
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Properties of the sequence of maximum likelihood estimators

The Sklar's theorem

Sklar's Theorem (1959)

Soit X = (X1, . . . ,Xd) un vecteur aléatoire de dimension d avec f.d.r. F and
f.d.r. marginales F1, . . .Fd supposées continus. Alors il existe une unique
fonction C : [0, 1]d → [0, 1] telle que:

F (x1, . . . , xd) = C{F1(x1), . . . ,Fd(xd)}, (x1, . . . , xd) ∈ Rd .

La copule C caractérises la structure de dépendence du vecteur aléatoire
X .

La copule C peut être exprimée de façon unique par:

C(u1, . . . , ud) = F{F−11 (u1), . . . ,F−1d (ud)}, (u1, . . . , ud) ∈ [0, 1]d .
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Properties of the sequence of maximum likelihood estimators

Copules classiques

Independence copula:

CΠ(u1, . . . , ud) =
d∏

j=1

uj ;

Normal copulas

CN
Σ (u1, . . . , ud) = Φd,Σ{Φ−1(u1), . . . ,Φ−1(ud)};

Gumbel�Hougaard copulas:

CGH
θ (u1, . . . , ud) = exp

−[ d∑
j=1

{− log(uj)}θ
]1/θ , θ ≥ 1;

Clayton copulas:

CCl
θ (u1, . . . , ud) =

(
d∑

j=1

u−θj − d + 1

)−1/θ
, θ > 0.
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Properties of the sequence of maximum likelihood estimators

Estimation paramétrique dans le Modèle multivarié

Supposons que la copule des vecteurs aléatoires Y1, . . . ,Yn soit Cθ. Posons cθ
la densité de la copule Cθ, c.-à-d.:

cθ (u1, . . . , ud) =
∂dCθ (u1, . . . , ud)

∂u1 . . . ∂ud
.

La densité de Yi est

f (Yi |ϑ, θ) = cθ(F1(Yi1|ϑ1), . . . ,Fd(Yid |ϑd ))
d∏

j=1

fj(Yij |ϑj ).

Ainsi la log-vraisemblance de Y1, . . . ,Yn peut-être réécrite comme

n∑
i=1

logL(ϑ, θ|Yi ) =
n∑

i=1

log cθ(F1(Yi1|ϑ1), . . . ,Fd(Yid |ϑd ))+
d∑

j=1

n∑
i=1

logLj(ϑj |Yij)
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Properties of the sequence of maximum likelihood estimators

Inference for Margins(IFM) estimation

1 Estimation des paramètres marginales en utilisant le CFE dans les modèles
univariés

2 Maximisation la log-likelihood multivariée conditionellement à ϑ̃j

θ̃IFM,γ = arg max
θ

n∑
i=1

log cθγ (F1(Yi1|ϑ̃1), . . . ,Fd(Yid |ϑ̃d )).

3 Normalité asymptotique et convergence p.s. pour l'estimateur 'IFM'.
(travaux en cours)
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